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Do You know

According to the 86" Constitutional
Amendment Act, 2002, free and
mmpulsun’ education for all

children in 6-14 year age group is .
now a Fundamental Right under

Article 21-A of the Constitution.

EDUCATION IS NEITHER A
PRIVILEGE NOR FAVOUR BUT A
BASIC HUMAN RIGHT TO
WHICH ALL GIRLS AND WOMEN
ARE ENTITLED




EDITORIAL

The current issue of The Primary Teacher journal is dedicated to renowned
Indian mathematician Dr. Srinivasa Ramanujan (22 December 1887-26 April
1920). His innate genius led to his independently compiling nearly 3,900
results of identities and equations most of which have been proven correct.
His original and highly unconventional results, such as the Ramanujan
prime and the Ramanujan theta function, have inspired numerous research
works in the field of mathematics. In India, Ramanujan’s birth anniversary
is celebrated as the National Mathematics Day every year since 2011.

The first article focusses on questioning as a powerful instructional
strategy. Teachers use questioning to check the understanding and knowledge
of students to aid teaching, diagnose their difficulties, recall facts, direct
attention and maintain control.

The second article dispels the myth that mathematics is a difficult subject
and stresses that everyone can enjoy, engage and relax with mathematics.

‘Learning from Errors in Numbers and Number Operations in Early School
Mathematics’ elaborates the need to re-conceptualise errors in the learning
of the subject from obstacles to insights, to learners’ thinking process and
opportunities for learning. The paper discusses what error analysis means
and how it can play an important role in integrating assessment with learning,
as well as, help shift the focus from ‘Tight’ or ‘wrong’ answers to the wider
meaning of learning in mathematics.

The paper titled ‘Understanding Numbers — Concepts and Some
Misconceptions’describes the importance of numbers in mathematics, as well
as, in real life. In this paper, the authors discuss, with the help of examples,
some problems faced by children at the primary level. There are certain
points about numbers, which must be clear to teachers of the primary level.

The next paper discusses the outcome of an empirical study conducted on
fourth and fifth grade students to find out the learning difficulties and the
learning patterns they face or follow while working on word problems.

‘Peer-learning in Mathematics among Primary School Children’ describes
the role of peer-learning on influencing a child’s learning both cognitively
and socially.

The experiences of students in their schools while engaging with rational
numbers have been dealt with in another article, where the classroom



experiences of the students are studied in tandem with the experiences
explicated in the textbook.

The next article focusses on a study conducted to find out the anxiety faced
by students of upper primary classes of Prakasam district in Andhra Pradesh
while learning mathematics. The investigators have adopted normative survey
method with a sample 200 students.

A laudable effort to humanise mathematics and mathematicians is the
film, The Man who knew Infinity, a British biographical released in 2015. One
of the articles in this issue deals with the attitude towards mathematics that
it can be learnt by anyone, and that it is accessible even to a person from a
‘non-math’ background.

An article on mathematics laboratory emphasises on the largely deductive
and abstract nature of the subject, which makes it appear dull and difficult.
The structure of modern mathematical theories rest on those basic and
elementary concepts, which come out of experiences with concrete objects.

A review of the book, Alex’s Adventures in Numberland, brings out the
fascinating side of the math world. Through intriguing and interesting
anecdotes, it covers topics at the school level (Class V-XII), including
arithmetic, algebra, geometry and statistics, presenting them in 12 chapters.

Interesting facts about the International Mathematical Olympiad (IMO)
are also given, which are useful for students and teachers.

‘My Page’ examines exploration as a key activity in classroom, which can
generate interest and learning about particular concepts and themes.

Anup Kumar Rajput
Varada M. Nikalje
Academic Editors
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Questioning in teaching of Early Mathematics: A Review

Satya Bhushan*

“The teaching of mathematics should enhance a child’s resources to think
and reason, visualise and handle abstractions, formulate and solve problems.”
— NCF, 2005

Abstract

Questioning is a powerful instructional strategy. Those interested in mathematics
education have recognised the value of asking relevant questions for centuries.
Classroom questioning is an extensively researched topic. Teachers use
questioning fundamentally to check the understanding and knowledge of students
to aid teaching, diagnose students’ difficulties, recall facts, test their knowledge
after the lesson is over, direct attention and maintain control. The high incidence
of questioning as a teaching strategy and its consequent potential for influencing
learning have led investigators to examine relationships between questioning
methods and student achievement. The present review focuses on the importance
of classroom questioning in the teaching-learning process in early mathematics.

INTRODUCTION academic achievement in mathematics

. . ) and reading than attentional, socio-
There is a growing body of evidence . . .
emotional or reading skills (Duncan,

to indicate that early mathematics 2007, p. 1428). In addition, the

plays a significant role in education. yjfferences in mathematical experiences
From an analysis of six longitudinal that children receive in their early years
studies, Duncan and colleagues have <“have long-lasting implications for
found that early mathematics skills later school achievement, becoming
are more powerful predictors of later more pronounced during elementary

* Assistant Professor, Educational Survey Division, NCERT



school... and continuing on into middle
school and high school” (Klibanoff,
2006, p. 59).

There are various learning theories
in mathematics education. However,
this paper focuses on constructivist
theory for two reasons — one, school
education in India is based on the
National Curriculum Framework
(NCF)—-2005, which endorses the
constructivist approach; and two,
questioning is one of the strategies
followed in it. The constructivist
theory expects students to be active
in teaching-learning and teachers to
guide the process. In constructivist
teaching, a teacher’s role is not
to simply convey information, but
to actively engage students in the
process of acquiring knowledge.
Teachers, who practise constructivist
teaching, utilise various strategies to
get students’ views and understand
their thinking. Questioning is one
such strategy. When questions are
used strategically by the teacher,
socio-mathematical norms are
established in the classroom. Teachers
are able to evaluate students’thoughts.
With this information, they can
provide students with an opportunity
to grapple with cognitively challenging
problems as they guide them
through the process of assimilation
and accommodation in order to
understand the problem. Questioning
and discourse promote reasoning
and intellectual development
through social interaction. Teacher
questioning assesses students’
mathematical reasoning and provides
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needed information for scaffolding
towards new understandings. In
addition, questioning, requiring
students’ consistent engagement
with constructivist theories, promotes
student-centred learning.

Questions asked by a teacher
that are related to ideas embedded in
the curriculum will excite students’
curiosity, promote critical thinking, elicit
reflection and help them construct their
own meanings for the mathematics they
are studying. The responses will help
the teacher assess what the students
know and what the next instructional
steps could be. Developing skills in
questioning for understanding and
content knowledge evolves over time
and like anything else requires practice.
The pay-off is significant in terms of
students’ conceptual understanding.

Research on the importance of
questioning as a teaching and learning
strategy is well documented (Almeida,
Pedrosa de Jesus and Watts, 2008,
Chin and Osborne, 2008; Graesser
and Olde, 2003). It suggests that
teachers spend up to 50 per cent of
the class time on questioning and
ask 300-400 questions a day (Levin
and Long, 1981), while each student
asks, on an average, one question per
week (Graesser and Person, 1994).
Surprisingly, teachers do not seem
to be aware of this discrepancy.
Several studies also rely on the kind
of questions asked by teachers and
students, concluding that these are,
usually, procedural and fact-based
(Brown and Edmondson,1985).
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CHARACTERISTICS OF QUESTIONING

Viewing one-to-one teaching
of mathematics as an interactive
communication is central to the
literature being discussed here. In
this section, four characteristics
identified in the larger study are
outlined — pre-formulating and
reformulating questions, vague
or ambiguous questioning, post-
question wait-time, and questioning
and prompting. A necessary feature
of these characteristics is that they
can be generalised across settings
and tasks.

Pre-formulating and reformulating
questions: Cazden (1986) cites the
work of French and McClure (1981)
to identify two interactive strategies,
which serve as guidelines for children
as they attempt to arrive at the
answers teachers want. The first
strategy is called ‘pre-formulating’.
Cazden reports that teachers, when
pre-formulating questions, “preface
a question they want the children to
answer with one or more utterances,
which serve to orient the children
with the relevant area of experience
and establish as shared knowledge
between herself and the child and
the materials essential to answer her
question” (Cazden,1986). The second
strategy is called ‘reformulating’.
Cazden argues that reformulating
occurs when the initial answer is
wrong. Reformulations vary depending
on how the teacher makes the original
question more specific. The important
issue with reformulating is to what

extent the teacher inadvertently or
knowingly decreases the cognitive level
of the task.

Vague or ambiguous questioning:
According to Brophy and Good (1986),
“Students sometimes cannot respond
to questions asked by the teacher
because the questions are vague or
ambiguous, or because the teacher
asks two or more questions without
stopping to get an answer to the first
one”. A teacher’s questions do not
always get a response if they lack
clarity or because s/he asks two or
three questions without waiting for
students’ responses.

Wait-time: Wait-time is essential
for student thinking. By wait-time,
we refer to the time a teacher allots
for student reflection after asking a
question and before a student responds
(wait-time I) and to the pause after the
student has a responded (wait-time
II). In her investigations, Rowe (1986)
found that the mean wait-time was,
on an average, one second or less. If a
student did not answer in one second,
the teacher would repeat or rephrase
the question, ask another question
or ask another student to respond.
After receiving a response, the teacher
waited for approximately 0.9 seconds
before asking another question. Rowe
trained the teachers to increase their
wait-time to 3-5 seconds and found
that both the quantity and quality
of students’ answers improved
significantly. Students gave longer
responses, cited more evidences to
support their ideas, drew conclusions,

Questioning in teaching of Early Mathematics: A Review 7



speculated and hypothesised more.
Besides, more students participated
in the process. The students asked
more questions and talked more with
each other.

Questioning and prompting:
According to Lyons, Pinnell and
Deford (1993), questioning and
prompting take much practice and
experience. They found that a teacher
of mathematics recovery, an early
intervention programme for students
who are 6-7 years old and in their
second year of schooling (Wright,
1994), becomes more aware of a child’s
learning and previous experience
and micro-adjusts her/his teaching
accordingly. In any case, a teacher
needs to be sensitive to a child’s
learning and make crucial decisions
based on her/his observations
of students.

TYPES OF QUESTIONS

According to the NCERT (2010),
various studies have categorised
the types of questions that teachers
ask in the classroom. Some of these
categories are summarised below.
Each item lists a question type, giving
a brief description and examples.

Gathering information: These
questions are, usually, closed and
may involve checking students’ factual
or procedural knowledge, checking for
a method, leading students through
a method, or rehearsing by asking
students to state known facts or
procedures. For example, by using
different shapes, a picture is drawn

on a blackboard. The teacher asks
questions like—How many triangles
are there in the picture? What is
more—triangles or squares?

Introducing or recalling terminology:
These questions are useful when ideas
are under discussion and the teacher
wants the students to use correct
mathematical language to talk about
them. For example, in Class II, the
children try to explain why when you
add 43 + 4, you cannot add 4 + 4 and
get 8. The children say that a single
digit number should always be written
on the right. The teacher asks, “What
does ‘4’in 43’ mean?” She wants them
to recall the place value terminology
and realise that adding 4 tens and 4
ones does not give 8 tens.

Probing: These questions are aimed at
getting students to explain, clarify or
elaborate their thinking for their own
benefit and for the class. For example:
When asked what is 6 + 4, a child says
10. Probing questions could be like:
How did you get 10? Can you explain
your idea?

Exploring mathematical meanings
and relationships: These questions
point to underlying mathematical
relationships and meanings and
establish links between mathematical
ideas. For example: A child is solving a
subtraction problem by taking one ten
from tens column. The teacher asks:
Why did we rewrite ‘3’ as ‘13’ and why
did we change the 2’ to ‘1°.

Linking and applying: These questions
focus on the relationship among
mathematical ideas and between
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mathematics and daily life or other
subjects. For example: What do we
say for half of half kilogram (kg)? How
many quarter kgs make 1 kg?

Extending thinking: These questions
are aimed at extending an idea so
that it can be used in another similar
situation. For example: If a pattern is
visible in the table of 3, can you see
the similar pattern in other tables?
Another example could be—If there
are six leaves and we arrange them in
pairs, nothing is left. Does this happen
for all numbers?

Orienting or focusing: These questions
help the students to focus on key
elements or aspects of a situation in
order to enable problem-solving. For
example, in the table of 3, we find
that odd and even numbers alternate:
3, 6,9, 12... Is there a similar pattern
in other tables?

Generating discussion: These
questions help in starting or carrying
forward a discussion. For example,
is there any other way of doing this?
Has somebody done it differently?
(Don’t worry whether it is correct.)
Can we do it with addition instead of

subtraction? These are, particularly,
helpful in involving learners, who do
not participate actively in the class
to contribute and comment on ideas
being discussed.

CoNCLUSION

Researches on teachers teaching
mathematics indicate that the
characteristics of questioning determine
the extent to which learners are provided
with opportunities to participate actively
in the teaching-learning process, and
construct mathematical meaning.
In recent years, one-to-one teaching
programmes have come to the fore
with a renewed focus to see that all
students have a reasonable chance of
being successful in school, and to assist
children who are at a risk of failure.
Better pre-service training in the art of
posing classroom questions, along with
in-service training to sharpen teachers’
questioning skills, have the potential
of increasing students’ classroom
participation and achievement.
Increasing the wait-time and the
incidence of higher cognitive questions,
in particular, have a considerable
promise for improving the effectiveness
of classroom instruction.
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Mathematics that We Know and Use

Anup Kumar Rajput*

Abstract

People, generally, have a wrong notion that mathematics is a difficult subject and
believe that it is impossible to enjoy it. It is a fact that math is a part of everyday
life. The understanding of mathematics comes very early and naturally in life.
In other words, every one can enjoy, engage with, and relax with mathematics.
Mathematics is much more — in fact, a lot more than numbers and working
algebra formulas. These aspects sharpen the mathematical skills that one may
already posses, just as speaking and writing is learned more by language skills.
Many subjects and aspects are so deeply integrated with mathematics that it is
hard to define it. Mostly in schools, one definition of mathematics prominently
learnt is, “Mathematics is the study of quantities and relations through the use
of symbols, numbers and rules”. This article will help you to appreciate how
mathematics is not only a part of you but of animals as well. Secondly, you will
see how mathematical problems can be solved faster and with ease. You will also
see how to skip the steps entirely and still find accurate or workable solutions to
mathematical problems, perhaps without even using a pen and paper. You will,
finally, realise that you have known mathematics and that it is an imperceptible
part of your daily life.

INTRODUCTION know how to keep a track of upto 30

persons. Bees can measure angles and
Animals, other than humans, also use lengths. And, almost all animals learn
and know some mathematical skills, like to recognise shapes and sizes. Rabbits
research studies have shown that crows need to learn the shape of a flying hawk

* Professor, Department of Elementary Education, NCERT



so that they can protect themselves. For
animals, mathematics means survival.

Some basic mathematical abilities
are probably inborn in all human
beings. Almost anyone can tell the
difference between two objects, identify
the difference in the sizes of two
unequal objects, and recognise the
difference between a triangle and a
circle. But higher level of mathematical
abilities requires training. In order
to tell the difference between 12 and
13 horses or between a litre of water
in a bucket and one kg of edible oil,
you must learn special techniques.
Mathematics education aims to build
inborn abilities, and gradually, take
them to higher levels.

Let us now see how one can be sure
that crows count. Crows are considered
a nuisance in fields because they eat
plants. That is why, scarecrows are
placed in farms to scare them away, or
sometimes, they are hit by shotguns.
However, if a crow sees a person with
a shotgun, it will not enter the field
until the person leaves. The crow must
have some recognition of the shape of
the shotgun, therefore, a farmer may
build a hiding place in the field called
‘blind’. Even then, crows are hard to
fool. If they see a person entering the
blind, they will not pound on to the
field until the person leaves.

One farmer thought of an easy
solution. Two persons entered the
blind, but only one came out. The
person, who was left would shoot
away the crows when they flew into
the field. The crows did not come to
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the field until the second person had
left the blind.

Then, three persons entered the
blind and two came out. Even then,
the crows were not fooled. Four people
going in and three coming out did not
fool the crows either. This was the
point when everyone became curious
about how high the crows could count.

At this point, everyone became
curious about how crows kept a
record of the number of people. So, the
farmer in-charge asked more people
to enter the blind. It was not until
30 people entered the blind and 29
came out that the crows were fooled
into the field. It meant that the crows
had finally lost count’.

CountING NUMBERS

What is counting? Adult human beings
can, usually, count up to five objects
without using any special technique,
and therefore, numbers up to five are
called ‘perceptual numbers’. A person
can tell how many books are there in
a stack of four or five without actually
counting. Even if a stack contains six
or seven books, a person must count in
order to tell the exact number. Counting
is done by matching each book in the
stack with a number name. People learn
different number names and rules for
combining the names to form numbers
in order from one onwards. A person
may count the books by saying, “One,
two, three, four, five, six, seven...” The
person matches each number name
with one book in the stack. It tells how
many books are there in the stack.
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Crows probably ‘count’ by mental
technique that humans use for five
or fewer objects. Since crows cannot
use language, they have developed
the ability to judge larger quantities
by sight.

Number name was probably not
the first method that humans used
to count. Long ago, humans used
sets of objects to match things they
wanted to count. For example, a
shepherd, who wanted to make sure
that all sheep were safe for the night,
would match each sheep with a
pebble and keep the pebbles in a
bag. Each night, the shepherd would
check to see if there was a sheep for
each pebble and a pebble for each
sheep. Hence, the sheep were counted
In that way, even though no number
name was used. The matching process
was more important than the use of
number name.

Archeologists have found hollow
clay balls filled with markers along the
trade routes in the Middle East. It is

Tuwy \§\ \

1 2 3 4 6

reached the destination, the buyer
would break open the ball, match the
markers with the number of copper
bars and know if the exact amount had
arrived safely.

Eventually, the markers were shown
as dents on the outside of the ball, so
that people could check the number
along the way without breaking the
ball open. The clay was baked hard
after the dents were made, so that
no modification could be done. Dents
became the first system of writing
numbers. It is also known as the
‘cuneiform system’. In fact, people
developed ways to write numerals
before they developed ways to write
words. About five thousand years ago,
Babylonians used numerals that looked
like the signs as shown in Fig. 2.1

MEASUREMENT

The counting process results in a
whole set of numbers—1, 2, 3, 4, 5,
and so on and forth. These numbers
are commonly called ‘counting’ or

AVARIRSSSRALA RS VS T
AS AR

A\ ARAN

7 8 9

Fig. 2.1: The number symbols used by Babylonians

believed that ancient merchants used
these balls to tell buyers how many
items they had sent. For example,
if 17 bars of copper were shipped
from one place to another, then a
ball containing 17 markers would
be shipped, too. When the shipment

Mathematics that We Know and Use

‘natural numbers’ as it is believed
that no one person or civilisation
can be credited for their invention.
Counting numbers are the basis of all
numbers but they are not enough to
solve all mathematical problems that
might arise.
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For example, a merchant has more
than enough copper to make six bars
but not enough to make seven. If he
wants to ship all the copper, he would
need a way to show that he is sending
six whole bars and one partial bar.
How would he convey this information
to the buyer? The answer is to use
what today are called ‘“fractions’.

Fractions are numbers but they are
different from counting numbers. If
two partial bars of equal size make one
whole bar, then each partial is a half
of the whole bar. If three partial bars
of equal size make one whole, then
the size of each partial bar is a third.
In each case, a measurement takes
place. The merchant is measuring the
size of the partial bar in terms of the
whole number 1. Fractions, thus, allow
the merchant to measure the partial
quantity against the whole quantity.

Things may become a bit more
complicated for the merchant. Perhaps,
the amount of leftover copper he
wishes to send will not ‘go evenly’ into
one bar. For example, it will take three
partial copper bars to make two (not
one) whole bars. The easy solution is
to use fraction.

Fraction is a way of showing a
relationship between two numbers—
the number of parts and that of wholes.
If you had any difficulty following the
example of the merchant, try this:
divide a chocolate bar and give your
friend one half. He has half of the
whole bar. You split the bar down the
middle. Neither one of you is confused
because fractions are a natural part
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of the way you think. You share
via fractions.

One number in a fraction tells in
how many parts of equal sizes the
whole bar was divided into. The other
numbers tell how many parts are in the
piece being measured. Here is a new
way of thinking about the merchant’s
copper bars and using fractions to split
the bars mentally.

Can you split a candy bar into
halves? Thirds? Fifths? Then, you can
use fractions correctly and understand
the mathematical concept ratio. A ratio
between two quantities is the number
of times one contains the other.
Since fractions show a ratio between
two numbers, mathematicians call
fractions ‘rational numbers’. You do
not need mathematicians to explain
this concept, as you have been using
it for years.

The measurement of any quantity
is being done by using counting
numbers or fractions in terms of
some quantity called ‘basic unit’.
For example, a piece of length is to
be taken as a unit and all lengths,
then, can be measured using whole
or part of this unit, likewise, all other
quantities, such as mass, area and
volume or capacity.

SHAPE

Shape is an important concept in
mathematics. Shape can be defined
in terms of numbers. Can you think
of a shape that has three sides?
Four sides?
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Triangle Square Pentagon

All these shapes are associated
with numbers. A figure having three
straight lines has to be a triangle. It
cannot be a square. Four straight lines
of equal length make a square but
never a pentagon. The five sides of a
pentagon cannot be put into the shape
of a triangle. Each figure has its own
characteristics, which mathematicians
call properties. The properties vary
from figure to figure.

Take three sticks and fasten them
at the ends (note that the sticks are
of equal length). You have just made
a triangle. You can try pushing it
into different forms but it does not
change. It is rigid. Now, add a fourth
stick. Push the sticks into different
positions. Do you always have a
square? No. Sometimes, you have
a parallelogram too. What does this
mean in terms of numbers? It means
that if you have a shape made of three
straight lines, you are going to have
a triangle no matter how you try to
move the sides around. If you have
a shape made of four straight lines
of equal length, you may have more
than one type of a four-sided figure.
This difference in properties between
the triangle and the four-sided figure
is intricately interwoven with numbers
3 and 4.

Measurement enters into shape
as well. If all sides of a four-sided

Mathematics that We Know and Use

figure made of straight lines having
the same length, the shape has one
set of properties. Else, the shape has
another set of properties. The same
goes for triangles.

A triangle measuring 3 cm, 4 cm
and 5 cm is an important shape in
mathematics. Any triangle whose
sides have the measurements 3,4, 5 —
no matter what the measurement
units are—always makes an angle
of the same degree between the
three-unit side and the four-unit
side. This angle is called the right
angle, and thus, the triangle is called
the right-angled triangle.

The properties of the right-angled
triangle have interested mathematicians
for thousands of years, like Bodhayan
and Pythagoras.

PATTERNS

Through ages, people did not have to
go to school to see that number and
measurement were closely related.
They saw that there were patterns
in counting and measuring physical
objects. For example, a pair of shoes
and twin eyes both mean two objects,
but no one ever says “a twin of shoes”.
In a certain North American Indian
language, different number words are
used for living things, round things,
long times and days. Fiji language uses
one word for 10 coconuts and another
for 10 boats. These words developed
without the basic pattern involved in
‘twoness’, ‘tenness’, ‘hundredness’, or
number in general.

15



Similarly, with the triangular
shape, what is important is not what
the triangle is made of —just as
twoness does not depend on whether
the objects are shoes or eyes. In fact,
people began to think that a triangle,
like a number, was a pattern.

Many conclusions were drawn
from this observation. Both number
and shape have been dealt with in
mathematics because both follow
patterns. In other words, mathematics
is the study of patterns, and the study
of patterns is mathematics.

Locic AND PROOFS

Mathematics has some fairly obvious
patterns. Consider a pattern, such as
the following:

1+3=3+1 11+5=5+11
47 +38=38+47 332+6=6+332

You can observe that this pattern
holds true for many pairs of counting
numbers. But no matter how many pairs
of numbers you check, there will be
pairs that you have not checked. If you
want to be sure that the pattern holds
true for all pairs of counting numbers,
you must go beyond simply seeing
that the pattern is true for a number
of pairs.

One of the convincing ways to
ensure that the pattern is true for all
pairs of counting numbers is to use
logic. Logic is also called ‘reasoning’.
Logic is an argument that as one set of
conditions is true, a given result must
follow. For example, if you know that
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All human beings are mortal.
Suresh is a human being.
Then, you also know that.
Suresh is mortal.

This example is a kind of logical
scheme of formal argument called
‘syllogism’. But the arguments of
logic can be less formal than that. For
example, a multiplication problem,
such as 4x5, is shown as a set of
beads, four rows each with five beads
(Fig. 2.2Db).

00000 ::::
00000

0000
00000 4 4
00000 54
Fig. 2.2 a Fig. 2.2 b

You can also show the problem 5x4
with five rows each with four beads
(Fig. 2.2a). If you turn the second
arrangement, you will find the first one.
Obviously, turning the arrangements
does not change, therefore, 4x5 =
5x4. The same reasoning will apply
to 37 beads, 48 beads, and in fact, to
any number of beads in arrangement
of rows and columns. This line of
thinking is a proof of the fact that for
counting numbers, called ‘n’ and ‘m’
here, it is always true that

nxm=m X n
It does not matter which two
counting numbers ‘n’ and ‘m’ are.

Logic is the main tool for finding
patterns but is not the same as
mathematics. Logic by itself, however,
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does not go far enough. More than
2000 years ago, during the period of
the ancient Greeks, mathematicians
had tried to set up perfect rules for
logic and math — rules that everyone
could agree with. Then, it would be
possible to say what really was a
proof and what was not. For example,
how do you know that turning the
arrangement does not change the
number of beads? Should turning
the arrangement be accepted as a
proof—a legitimate way to solve
problems in math?

Greeks believed that there were
a few simple rules of logic and math
that everyone could accept and they
called the rules of logic ‘axioms’
and those of math ‘postulates’.
This idea helped in establishing the
truthfulness of many assertions. For
example, when applied to the study of
shapes, Greek mathematician Euclid
(305-285 B.C.) was able to show that

about five axioms and five postulates
were enough to prove everything that
was known (later, mathematicians
improved on his system, but not on
the basic idea). This approach to
mathematics is called an ‘axiomatic
system’. As a result of Euclid’s success,
it became common to think of proof
as something that happened only in
axiomatic systems. But in reality,
early mathematicians proved results
in whatever ways they could.

Counting, measurement, shape,
patterns, logic and proof — all are
parts of math that are easy to think
about. The ideas discussed above
are common and used in our daily
life. They became a part of our life,
language and tool to solve problems.
Our thinking patterns have acquired
these ideas in a way that lead to most
of our conclusions. In other words,
mathematics in our mind is what we
use and dwell on further.
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Learning from Errors in Numbers and Number Operations

in Early School Mathematics

Anchal Arora*

Abstract

Errors are an inevitable part of the learning process. This article begins with the
need to re-conceptualise errors in the learning of mathematics from obstacles or
hindrance to insights to learners’ thinking process, and opportunities for learning.
The latter section of the article focuses on error analysis with reference to the
concept of numbers in early school mathematics. It discusses what error analysis
means and how it can play an important role in integrating assessment with
learning, as well as, help shift focus from right or wrong answers to a broader

meaning of learning in mathematics.

Keyworps : Error analysis, numbers, number operations, assessment for learning

The National Curriculum Framework
(NCF)—-2005 bases itself on the principle
of mathematics for all. According to
this principle, every learner is seen
as capable of learning mathematics
and all should experience the joy of
learning the subject. In conjunction
to this, it recommends the assessment
to be continuous and comprehensive
in nature. Continuous, here, means
that assessment should become
an ongoing process. The need is to
integrate assessment with the daily
teaching-learning process, focusing
on students’ thinking and learning.

Comprehensive means to cover a
wide range of aspects of learning, like
attitudes and skills, (for example,
creativity and ability to communicate
clearly and analyse) and not simply
content knowledge. However, the
teaching-learning of mathematics is
burdened by approaches focusing on
algorithm and one correct answer.
Under such an approach, often
a learner is evaluated on the basis of
his/her ability to get the correct answer.
An incorrect response symbolises the
lack of understanding. A learner who
experiences failure in geting the correct
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answer for some time is vulnerable to
be labelled as unintelligent or lacking
ability (Boaler, 2013). A plethora of
research literature in mathematics
education argues for a shift in teaching-
learning and assessment practices,
focusing more on learners’ thinking
and responses (Cooper and Dunne,
2000; Lerman and Zevenbergen, 2004;
Ryan and William, 2007; Cockburn,
1999). The role of assessment in the
development of mindsets and learners’
identity is considered crucial. The first
section discusses what are errors with
reference to number sense in early
school mathematics, i.e., Class I and
II. The second section explores the
scope and need of error analysis as an
important tool integrating assessment
with learning.

WHAT ARE ERRORS?

Learners’ alternate responses in
given tasks can be classified into two
categories. Firstly, like any human
failure, learners’ alternate response in
the given tasks can be a consequence
of slips (Ryan and William, 2007).
These slips actually have a ‘chance
element’. These can be termed as
‘mistakes’. These slips or ‘chance
elements’ or ‘mistakes’ do not have
any developmental or conceptual
explanation. Researchers have found
that factors, like misreading and quickly
jumping to an answer or conclusions
(Sweller, 1994) are reasons for such
mistakes or slips. Secondly, the lack
of performance can be traced to have a
conceptual or developmental basis. A
learner’s alternate response in a given

task can be the consequence of partial,
alternate or misconceived conceptual
understanding of a mathematical
concept (Ryan and William, 2007;
Cockburn, 1999). The differentiation
between an error and a mistake in a
given alternate response is difficult
to make. For the convenience of
categorisation, if a learner is able to
self-correct the response, it can be
put in the category of a mistake, else
it can be considered as an error. The
next section explores the nature and
probable reasons for committing errors
with relation to number operations.

ERRORS IN EARLY ScHOOL
MATHEMATICS— AN ELABORATION
THROUGH NUMBERS AND NUMBER
OPERATIONS

The concept of numbers starts
developing in children at an early
age. Research has brought forth the
informal knowledge that learners
develop about numbers at an early
age (Bryant, 1997; Ginsberg, Choi,
Lopez, Netley and Chao-Yuan, 1997).
Number concept is one of the core
components of school mathematics
(Schoenfeld, 2007, and Kilpatrick,
2001). Often numbers are taken as
a simple and obvious concept to be
learned. But literature describes there
are various skills and sub-concepts,
which learners may need to learn
about numbers with understanding
(Cockburn, 1999; Ryan and Williams,
2007). For instance, the simple
looking counting process involves
pre-number concepts, like one-
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to-one correspondence, seriation,
classification and a knowledge of
number names in a correct order
(NCERT, 2010). The complexities
involved in the learning of numbers
and number operations, along with
various other factors, like teaching-
learning process, language and
previous exposure of learners, make
errors an inevitable part of the learning
process. Errors can be classified on the
basis of different criteria. The various
sub-concepts involved in numbers and
number operations can help categorise
the errors learners commit in early
school mathematics. For instance,
errors in addition and subtraction can
be due to the following:

e the lack of understanding of
regrouping;

e confusion of 1s and 10s in
carrying and writing;

e forgetting to carry 10s and
100s;

e forgetting to regroup when
subtracting 10s and 100s;

e regrouping when not required;

e inappropriate use of operation
(addition instead of subtraction
or vice versa);

e the lack of knowledge of basic
number facts;

e the lack of knowledge about the
concept of zero;

e over-genralisation: bringing the
concept or rule learned for one
sub-concept or concept to other
where it does not fit; and
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e prototyping: generalisation of
a concept or sub-concept to
only familiar or commonly used
examples or situations.

(Adapted from Ryan and
Williams, 2007)

With the teaching-learning
process in focus, the three major
factors contributing to errors in
number operations are discussed
below. Firstly, teaching or following
thumb rules contributes to errors
in number operations. By thumb
rules, one refers to the shortcuts
that teachers tell learners or learners
follow in order to arrive at a solution
quickly. These thumb rules restrain
learners’ engagement with a concept,
i.e., logic or meaning of the concept.
For instance, as we have discussed
in the example mentioned in the
section on error analysis, there is
a possibility that the teacher used
thumb rules or the child remembered
the rules. In number operations, if on
adding two ‘ones’ digits we get a two
digit, then one of the digits needs to
be taken to the other place. But the
child fails to understand the logic
and takes over any of the two digits
to the next place.

Secondly, errors can be due to
erroneous teaching and learning,
i.e., content or unintended aspects.
For example, during the teaching of
area and perimeter, it was observed
that a teacher throughout the unit
used cm and km as units of area.
And, interestingly, when learners
from that class were interviewed on
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problems related to area, they gave
responses for units of area in cm/m/
km (Arora, 2011). Here, it can be said
that erroneous teaching by the teacher
might have caused errors made by
the learners.

Thirdly, errors can be due to the
usage of examples, which may lead
to over-generalisation or prototyping.
For instance, in case of number
operations, the keyword ‘more’ is
generalised for addition. Consider
a problem situation — Fozia sells
flowers to passersby on a red light in
Delhi. She sells the flowers in bunches
of 12. She has nine flowers. How
many more flowers does she need to
make a bunch of 12? Some children
in such a situation may add 9 and 12
and give 21 as their response, instead
of subtracting 9 from 12. This can
be the case of over-generalisation or
prototyping, where the children may
have responded due to the usage of
the word ‘more’ in the problem.

The above mentioned classification
and reasons for errors are suggestive
and not comprehensive or decisive
in nature.

WHAT 1s ERROR ANALYSIS?

The following work illustrates an error
made by a Class II learner in the
concept of addition with regrouping.

Here, the child was unable to get
the correct answer for some sums. But
interestingly, there was a pattern in
which the child gave the responses.
It would be unfair to consider that
the child had no idea of addition. He

probably had some idea of addition
with single digits, i.e., addition without
regrouping. He also knew that if
the sum of two digits at ‘ones’ place
resulted in a two-digit number, then
one digit had to be taken to the other
place. But probably the child did not
have an idea of place value. Also, he
was unable to reason out which digit
should be taken to the next place
for regrouping and why? This error
analysis is probabilistic in nature,
given the lack of evidence.

To reach a certain informed
understanding of the child’s thinking
process, it would be required to give
more focused tasks or sums. It is
even more important to talk and let
the child articulate what he is doing
and why. This would be crucial in
understanding the problem area and
what needs to be done to address it.

WHY ERROR ANALYSIS?

The following learners’ responses
can be useful for various reasons.
Firstly, it can be a useful tool for
teachers, who can employ assessment
in a continuous and comprehensive
manner. Secondly, it can help break
the conventional notion of teaching-
learning of mathematics, where
mastery to reach the correct answer
is a dominant practice. It instead can
help promote a discursive classroom,
where the process of learning becomes
as important as mastery over a concept
or procedure. In the process, learners
are encouraged to think mathematiclly
by having mathematical discussions,
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logical arguments and develop an
in-depth conceptual and procedural
fluency (Ryan and Willams, 2007).

INTEGRATING ASSESSMENT
WITH LEARNING

Grigorenko and Sternberg (1998) argue
for a dynamic form of assessment,
which does not evaluate learners but
focuses on their thinking processes
and helps in understanding their
current abilities to support the
development of their potential. Thus,
it is argued that dynamic assessment
does not restrict evaluation to the final
outcome but gives access to learners’
thinking process and potential to learn
simultaneously (Lidz, 1987, 1991,
cited in Sternberg, 2001; Grigorenko
and Sternberg, 1998, Shephard,
2000). Error analysis can be one of
the key components in assessment for
learning in mathematics (Hodgen and
Askew, 2010).

As discussed above, error analysis
can help facilitators get an insight into
the learners’ thinking process and
complement assessment for learning.
It emphasises on conceptual gaps
and turns them into opportunities for
teaching and learning. The teaching-
learning processes and assessment
practices, which utilise errors as
opportunities of learning, can help
create a positive learning environment.
It helps avoid the labeling of learners
as poor, weak, or unintelligent in
mathematics. Error analysis helps
teachers understand what a learner
may know and needs to know instead
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of labeling him/her for what he/she
does not know. Teachers may start
considering errors as natural steps
towards learning. This may help in
moving away from labeling learners
as intelligent or unintelligent, and
provide qualitative feedback, which
supports further learning. Qualitative
feedback, which is elaborative in
nature and focuses on effort and
learners’ thinking, can help promote
the develpoment of growth mindsets
among leaders.

LEARNING IN MATHEMATICS: MovING
BEYOND RiGcHT orR WRONG

A vast literature points to the fear and
anxiety many learners associate with
school mathematics. It also points out
that learners’ views about themselves
in relation to mathematics is found to
be influenced by their marks, ability
to give correct responses, and how
teachers, peers and parents rated them
in the subject (Boaler, Wiliam and
Brown, 2000; Reay and Wiliam, 2009).
For instance, Boaler, Wiliam and Brown
(2000) found that teachers somewhere
considered getting to the correct answer
quickly without committing mistakes
as a marker of one’s ability to solve
mathematical problems.

On the other hand, an emergent
body of literature points out how
mistakes should be seen as a stepping
stone to learning (Dweck, 2012, cited
in Boaler, 2013). Errors are a natural
and an inevitable part of learning.
Instead of focusing on what the learner
does not know, error analysis helps to
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understand what he/she knows and
what he/she needs to know. It helps
in designing the teaching-learning
processes, which can lead to the
development of potential abilities in
learners (Hodgen and Askew, 2010).
Errors signify the active involvement
of learners in the learning process.
They help in shifting the focus on the
process of learning, learners’ effort
and thinking process than merely
seeing the child’s work in terms of
correct or incorrect responses. For
instance, in teaching a concept, a
special session on learners’ alternate
responses can also become a part of
the teaching process. An especially
designed worksheet, containing
learners’ alternate responses, can be
given to learners in groups to discuss.
They can be asked to decode how and
why some child gave such a response,
and what was his/her logic. Such error
eliciting tasks would help learners
gain an in-depth understanding of
the concept. Also, it encourages in
establishing a motivated learning
environment, where the learners are
not afraid to make mistakes and
see them as an inevitable part of the
learning process. This, consequently,
can help develop a better self-esteem
among learners, positive attitude
towards learning mathematics and
growth mindset towards learning the
subject (Dweck, 20006).

For error analysis to be evidence-
based, it is important that multiple
sources are used to collect data.
Based on the initial data collected,
a teacher should use one-to-one

task-based interviews to understand
the thinking process of the learners
behind such responses. These
interviews can consist of varied
activities, like worksheets, or working
with concrete learning material, or oral
problem situations. These interactions
can be taken as a means to encourage
the learners to articulate their thinking
and reasoning. This would help find
the patterns or logic behind the
learners’ responses. For instance, the
section on error analysis mentioned
above attempts to illustrate the initial
process of error identification and
analysis, using a learner’s response to
an addition of two-digit sum, requiring
regrouping. But this error analysis
cannot be considered complete unless
the learner is given an opportunity to
articulate his/her thinking and the
logic behind it.

Tools, like in-depth observations of
teaching-learning process, assessment
practices, like study of learners’ work,
one-to-one interviews and focused
group tasks can be used to recognise
the common errors learners make
while learning various concepts in
school mathematics. Based on the
data collected, the identified errors in
a particular concept can be analysed
and categorised through thematic
analysis. A classroom intervention
can be designed based on themes that
emerge from the thematic analysis
of the errors that learners make.
The intervention can be undertaken
either with a purposively selected
group of learners facing challenges
or, generally, with all learners
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depending on the need and context
of the classroom. For instance, in
the above case, where the learner
was making errors in addition to
regrouping, the intervention can focus
on both number concept, as well as,
place value. Skills, like estimation
and checking, can help a child
identify the inappropriate procedure
he/she is using to add. Varied
for